Variational Monte Carlo calculations for We use the Argonne υ 18 two-body NN along with the Urbana IX three-body NNN interactions.
§2. The Hamiltonian
The complete hypernuclear Hamiltonian consists of the nuclear Hamiltonian H where V ij and V ijk are the two-nucleon NN and three-nucleon NNN potentials, respectively, and m i is the mass of the nucleon.
The two-body NN interaction employed here is the Argonne υ 18 interaction [5] . The first fourteen operator components of this model are charge-independent and are an updated version of the Argonne υ 14 potential [9] . Three additional charge-dependent and one charge-asymmetric operators are added along with a complete electromagnetic interaction, containing the Coulomb, Darwin-Foldy, vacuum polarization, and magnetic moment terms with finite-size effects. The potential has been fit directly to the Nijmegen pp and np scattering data base [10, 11] , low-energy nn scattering parameters, and deuteron binding energy. For the three-body NNN potential we use the Urbana model [6, 7] consisting of the two-pion-exchange (TPE) part of Fujita and Miyazawa [12] and a repulsive phenomenological spin-isospin independent term. We have used the Urbana IX model [7] of the interaction where the values of the strength parameters are used in conjunction with the Argonne υ 18 interaction.
The lambda Hamiltonian H Λ is given by
where V iΛ and V ijΛ are the two-body ΛN and three-body ΛNN potentials, respectively, and m Λ is the mass of the Λ particle. The first terms of Eqs.(2.1) and (2.2) pertain to the total kinetic energy of the nucleons and Λ, respectively.
The two-body ΛN potential V ΛN includes a central potential [4] of the same form for the singlet and triplet spin states. These have a theoretically reasonable attractive tail due to the TPE in accord with Urbana type potentials [13] with spin-and space-exchange terms.
3)
whereV and V σ are the spin-average and spin-dependent strengths, respectively. P x is the Majorana space-exchange operator, ǫ is the corresponding exchange parameter, V c is the Woods-Saxon repulsive core [4] , and T π is the one-pion-exchange (OPE) tensor potential shape modified with a cutoff. Further details can be found in Ref. [4] .
In this study we consider potential parameters that are consistent with low energy Λp scattering data that essentially determine the value of spin-average strengthV = 6.15 ± 0.05 MeV [4] .
For hypernuclei with zero-spin core nuclei, such as 5 Λ He, the major contribution arises from the spin-average strengthV while the spin component contributes very little. The spin dependence V σ is assumed to be positive, which is consistent with hypernuclear spins of mass 4 systems. We find that for the s-shell hypernuclei (A ≤ 5) the s-state interaction is dominant but the higher partial wave interactions, in particular, the p-state, also make a small but significant contribution contrary to earlier studies [14] . The importance of the p-state contribution becomes significant due to the Λ-nuclear correlations.
Studies on hypernuclei have shown that it is necessary to include a three-body ΛNN interaction in the Hamiltonian. We consider phenomenological ΛNN forces of the dispersive (spin-dependent and spin-independent) as well as the TPE kind 15) , which arise from the suppression of Σ, ∆, . . . degrees of freedom by the medium, that is, the second nucleon.
The dispersive kind has a spin dependence that is given by
The TPE part of the interaction is given by [15] 5) where X kΛ is the OPE operator given by
In Eq.(2.5) {} represents the anticommutator term. Y π (r kΛ ) and T π (r kΛ ) are the usual Yukawa and tensor functions, respectively, with pion mass µ = 0.7 fm −1 .
The Λ-nuclear interaction parameters,V , V σ , C p , and W o are considered as unknown. These are then fitted as a function of the B Λ values that have been calculated using the s-shell results.
Taking these values ofV , V σ , C p , and W o we again perform variational calculations that give us the final results for The trial variational wave function we adopt is of the following form:
The pair wave function | Ψ p is a symmetrized product of two-body (1 + U ij ) and (1 + U iΛ ) correlation operators acting on a Jastrow trial function. This is written as
2) is defined as
with
S ij is the tensor operator. σ and τ are the spin and isospin operators, respectively. The factor f p ijk suppresses spin-isospin correlations between two nucleons in the presence of a third one.
In principle, the U iΛ correlation will consist of a spin and a Majorana space-exchange operator [16] :
where α σ and α px are variational parameters and P x is the space-exchange operator. In our calculations we have not included the space-exchange correlations since the calculations become complicated and time consuming. In any case the effect of these correlations is expected to be small for s-shell hypernuclei.
The spin dependent correlation u σ given in Eq.(3.4) is defined as
where f Λ c is the spin-average correlation function. f Λ s and f Λ t are the solutions of the quenched ΛN potential in singlet and triplet states, respectively, which are given by the following relation: 6) whereṼ s/t is the quenched ΛN potential in singlet/triplet state. µ ΛN is the reduced mass of the Λ-N pair, while V a ΛN is an auxiliary potential. The Jastrow wave function | Ψ J is given by
Here | Φ is an antisymmetric product of single particle wave function with the desired (J,T are the spin-down and spin-up states, respectively of the Λ particle.
The spin-orbit correlation U LS ij is given by
The eight radial functions, f c (r ij ), u p=2,6 (r ij ), u ls (r ij ), and u lsτ (r ij ) are obtained from approximate two-body Euler-Lagrange equations with variational parameters [18] .
ijk is a three-body correlation induced by the three-nucleon interaction, V ijk . The other correlations incorporated in the wave function are a spatial three-body NNN correlation f c ijk , along with U ijk that consists of a spin-orbit and an isospin three-body correlation. Further details can be found in Ref. [19] .
The three-body ΛNN correlation U ijΛ has the following form:
whereṼ ijΛ differs from V ijΛ through the cutoff factor c of the usual Yukawa and tensor functions. No attempt has been made to vary the two-body NN and three-body NNN correlation parameters [19] as their effect has been found to be small [20] and only the variational parameters of the wave function pertaining to Λ have been varied to obtain a minimum in the energy. The optimum values of these parameters which are used in our final calculations are given in Tables[1] and [2] .
We calculate energy expectation values using Monte Carlo (MC) integration [21, 22] . The expectation values are sampled both in configuration space and in the order of operators in the wave function by following a Metropolis random walk [23] . The mathematical expressions used to evaluate the energy expectation values are given below.
The energy expectation value for the pure nucleus is given by The energy expectation value for the hypernucleus is given by Therefore, binding energy of Λ to the hypernucleus is given by
(3.14)
The nuclear and hypernuclear wave functions, Ψ
A−1 N
and Ψ
A H are optimized with respect to the variational parameters to obtain the minimum in the energies.
The B Λ value for each hypernuclei is calculated from the variational results using Eq.(3.14).
The B Λ value is thus written as a function of the adjustable parameters in the Λ Hamiltonian H Λ , and is used to determine the set of parameters which are consistent with the experimental B Λ values [26, 27] . §4. Results and Discussion interaction.
Next we calculate the energy expectation values for the s-shell hypernuclei, namely MeV) [25] .
The bulk calculations consist of the energy expectation values for eachV as a function of the interaction parameters, V σ , C p , and W o . In Table[ For a given value ofV we did a χ 2 fit for the calculated energy expectation values according to the relation
where B o Λ is the corresponding value of B Λ for V σ = C p = W o = 0 for each hypernuclear species. The coefficients y 1−6 are varied to give a minimum in the χ 2 that is defined as
Here N is the total number of energy calculations for a particular hypernucleus with different values of V σ , C p , and W o . B Λ is the calculated value of the Λ separation energy and ∆B Λ is the corresponding Monte Carlo statistical error. The values of the coefficients y 1−6 , as determined from this procedure, are displayed in Table [5] . In all the cases considered the χ 2 values are ≤ 1 which demonstrates the goodness of the fit. There shall be correlated error bars on the coefficients y 1−6 which would be reflected in the uncertainties in determining V σ , C p , and W o . We find it more convenient to consider the uncertainties in the experimental values while placing limits on V σ , C p , and W o . We hope to compensate some of the uncertainties associated with the y's by giving a generous allowance to the experimental ∆B Λ values as well as by taking into account the Monte Carlo statistical errors in the calculation of the energies.
We use the coefficients y 1−6 of Table [5] to obtain a fit with respect to the experimental B Λ values, treating V σ , C p , and W o as parameters to determine the best fit. We again construct a χ 2 fit using Eq.(4.3) but now "N " refers to the factor "3" for the three hypernuclear species and B Λ refers to the experimental B Λ values. The χ 2 fit is minimized with respect to C p and W o for a given value of V σ . In Fig. 1 we plot χ 2 , C p , and W o as a function of V σ forV = 6.15 MeV. It is seen that both C p and W o decrease with increase in V σ , the effect being more pronounced for C p . Comparing the results for the core nuclei (Table [3] ) with the results for the hypernuclei (Tables[6( A-C)]) we note, in general, a shrinking of the core nuclei by about 20% in all the hypernuclei due to the presence of the Λ particle. This decrease in radii of the core nuclei would imply that the lambda wave functions are closer for larger A. This also contributes to the fact that the dependence of B Λ onV , C p , and W o is more pronounced for the mass 5 than for the mass 4 hypernuclei. The change in the d-state probability is found to be small in all cases.
Table [7] gives the breakup of the 0 + − 1 + splitting contributions in ) of the splitting comes from the three-body ΛNN potential. The two-body contribution arising from V σ is around ∼ 1 3 of the total splitting. This is in contrast to the earlier studies [4, 28, 29] wherein the 0 + − 1 + splitting has been thought to have arisen mainly from the spin dependence of the two-body ΛN potential. The present study clearly demonstrates that V ΛN N plays a significant role in explaining the splitting. This also results in a reduced V σ as compared to the value of 0.23±0.02 found in Ref. [4] , though in our case the error bar on V σ is much larger due to reasons discussed earlier. In the present study for V σ =0.23, half of the splitting arises because of V σ and the remaining half from the three-body ΛN N forces.
For the extreme case, in particular, for V σ =0.12, the three-body forces contribute nearly Our values ofV =6.15 MeV with ǫ=0.17 are closest to theirs. We thus need to modify (4.7) for our values ofV and ǫ. Unfortunately, there is no simple method to scale relation (4.7) forV =6.15
MeV, as the scaling can be considerably non-linear. However, since the two values ofV are very close, we assume that this will not affect the results much. The correction for ǫ is simple, since in the absence of space-exchange correlation the space-exchange energies are expected to be linear with ǫ. Thus, relation (4.7) can be modified as:
where ǫ o =0.3 as taken by UPU, P x is the space-exchange operator and V ΛN is the energy expectation value of the ΛN potential.
Using the entries for υ o (r)(1 − ǫ) and υ o (r) ǫP x from 18 Hamiltonian, which, at the moment is an extremely challenging task.
Implications of s-shell results on Λ binding to nuclear matter: The presence of a Λ particle inside nuclear matter can reveal information on the Λ-nuclear interactions. The well depth D is identified with the separation energy for a Λ in nuclear matter. It is an important parameter which can help to distinguish between different ΛN potentials and also throw light on the ΛNN interaction.
Λ binding to nuclear matter can put further constraints on the potential parameters, namelyV , V σ , W o , and C p . With this aim in mind we have performed calculations for D using the FermiHypernetted-Chain (FHNC) technique [4] to calculate the energy expectation values.
We have calculated the well depth D variationally using the same underlying principle as for our s-shell hypernuclei. Our discussion on D is based on the results given in Table[ interactions. In contrast, our study indicates that the major part (∼ 50% to 75%) of the splitting is generated by the three-body ΛNN forces.
Our study on Λ-binding to nuclear matter shows that Λ is underbound. This indicates the fact that there is a need to include the three-body correlations while treating nuclear matter.
This would require a different technique altogether and is a challenging problem in itself. Our analysis on
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Λ O also indicate the importance of the non-central correlations. It is possible that the inconsistency between the results of Ref. [16] and our s-shell results is due to their neglecting terms with higher than four-baryon clusters and thereby neglecting the contributions from the non-central clusters. Moreover, our values of the ΛNN interaction parameters, C p and W o are higher than those of Ref. [16] and which, in turn, would induce stronger ΛNN correlations.
Contrary to the findings by Bando et al . [33] and Shinmura et al . [34] regarding the effect of tensor forces on the overbinding problem, we find that the tensor forces do not play a significant role. Further, separate studies by Carlson [28] and Hiyama et al . [29] and on four-and five-body hypernuclei have shown that the binding energies and the splitting energies are not reproduced correctly using the Nijmegen interactions which have strong tensor terms. However, the small suppression effects expected from ΛN tensor forces are already implicitly included in our phenomenological dispersive ΛNN force. Moreover, the Argonne υ 18 potential used in our study has a weak tensor part and this in fact, provides a much better binding to nuclei 5) .
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